Using an 18-parameter Hylleraas-type wave function containing only positive powers, a calculation has been carried out for the 2 'I' state of helium by the Ritz variational principle. Breit's reduction was used to convert the problem from six to three variables. The energy was minimized by the approximate solution of an eigenvalue problem. With this wave function the fine structure splitting was calculated. Our best wave function yields an energy 15.5 cm ' above the experimental value while the corresponding fine structure splitting is in error by about 1 part in 10 . All In the 'P states, the spin-dependent part of the theoretical electromagnetic interaction of the two electrons can be compared directly with observed fine-structure splittings. Recent improvements in the experimental accuracy of the fine-structure measurements, 45 particularly the direct observation of the splittings as radio-frequency transitions, have made such a comparison possible to an order of accuracy including higher order electrodynamic corrections to the usual finestructure formulas.
I. INTRODUCTIOÑ~~~~Ẽ RV accurate calculations of the energies of the 1s' 'S and is2s 'S states of helium have been made recently. ' ' It is now possible to consider the contributions of relativistic and electrodynamic effects to the observed ionization energies in a meaningful way. These small effects must still be added to the large calculated nonrelativistic energy, however, before a comparison with experiment can be made.
In the 'P states, the spin-dependent part of the theoretical electromagnetic interaction of the two electrons can be compared directly with observed fine-structure splittings. Recent improvements in the experimental accuracy of the fine-structure measurements, 45 particularly the direct observation of the splittings as radio-frequency transitions, have made such a comparison possible to an order of accuracy including higher order electrodynamic corrections to the usual finestructure formulas.
The standard fine-structure expression is of order cP ry. The recent study by Sucher' of the two-electron interaction by the use of the Bethe-Salpeter equation verified the usual n' ry formulas and showed that the only spin-dependent term of order n' ry is the expected rr/22r Schwinger correction to the electron-spin moment.
A calculation of the fine structure in a 'P state, accurate to one part in a thousand, would reveal the correctness of the theoretical fine-structure expression to order o. ' ry.
The success of our calculations' of the energy and electron-charge density at the nucleus with a 12-term Hylleraas wave function for the 'S state encouraged us to attempt a calculation of the nonrelativistic energy and the fine structure of the 1s2p 'P state of helium.
We limit ourselves to wave functions of moderate complexity, i.e. , up to 18 terms, which can be handled on an IBM-650 computer. 111, 1098 (1958) . g C. L. Pekeris, Phys. Rev. 112, 1649 (1958 . 4 Brouchard, Chabbel, Chantrel, and Jacquinot, J.phys. radium 13, 433 (1952) . ' W. K. Lamb, Phys. Rev. 105, 559 (1957) . ' J. Sucher, Phys. Rev 109"1010 (1958 
with the normalization condition
where V is the potential energy, E is the energy, and d7. = r~'r2' sin0dr1dr~d8.
Here r1 and r2 measure the distance from the fixed nucleus to the electrons and 8 is the included angle. (s,t,u) 
where the numerical factor will be suppressed throughout. Equation (4) (9) with analogous but more complicated expressions for I. and M.
To determine the form of our trial functions we note that the hydrogenic approximation for F& is
where Z, is the effective nuclear charge for the outer electron and Zi is the eBective nuclear charge for the inner electron. In Hylleraas variables this becomes F. = -(s -t) e -se -): ))a' ))) (11) where K= 2Z, +Z;. , Ko = --, '-Z +Z;. (12) We choose as our trial functions the generalizations Fy (s,t)u) = $(KS)Kt)KN) ) (13) where n f(s,t,u) = (s -t)e *"e *"' P c;P;(s,t,u), (14) where M, I, lV are quadratic forms in the ci with matrix elements depending on o-only. We define matrix elements associated with these quadratic forms by L= Qc,cJI;)-) M-= Q ccM, ;, 
which is a function of o-which enters in the matrix elements, K which appears explicitly, and the e parameters c; which occur in the quadratic forms I. , M, iV.
In our earlier paper' a descent and extrapolation method was employed to minimize X. In early stages of the present project, an improved version of that method involving automatic-machine extrapolation was used.
For eighteen parameters, however, the machine's memory was not large enough to use this method, and the method described below was employed. Fig. 1 . To verify that we are indeed approaching a minimum, V'A, is calculated and compared with the zero vector. To convince ourselves that there was no significant roundoG error, some of the calculations were carried out entirely with double-precision arithmetic. We found that this did not affect the energy value.
It is important that 0-be varied as few times as possible. Each time that 0 is varied our integrals and matrix elements must be recalculated. This costs some thirty hours of machine time. For the calculation of C, the integrals that occur are given by (A1), (A4), (A5), (A6), (A7), (AS). For the calculation of D, (A1), (A2), (A3), (A4) are required.
Note that C contains (AS) which has a singularity of form lim~o+E, (f) and that D contains (A2) which has a singularity of form limt, 0+ ln(. One can verify that whenever these formulas appear in our calculations, the structure of the matrix formulas and integral formulas are such that the singularities cancel out identically. In the numerical work, these singularities are therefore ignored.
IV. RESULTS AND DISCUSSION
The nonrelativistic energies for various numbers of parameters are shown in Table IV dependence for a larger number of parameters and therefore the comparisons in Table IV In this Appendix we give formulas for the integrals which appear in this paper. All integrals are of the type e 'e"'s "t'N" B(p,q,r,m, o}) = ds~-dot dt (so to)mWe need consider only the cases p&0, q)0, nz&0, r) -4, co=&0. , 0.
The following functions appear in the formulas. (1) Integrals of Type m=0
For rW -1, p+r+1)0, q+r+1)0:
B (P,q,»,0, (d) For P+q+r -2) 0, r&0:
